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Compression Strength Failure Mechanisms in Unidirectional
Composite Laminates Containing a Hole

Eric R. Johnson

Introduction

Hole size effect

Experiments on graphite-epoxy laminated plates containing unloaded small holes show that these
laminates are notch insensitive, That is, the uniaxial strength of these laminates with small holes
exceeds the strength predicted by a point stress criterion using the stress concentration factor for
the in-plane stress field. Laminates containing large holes exhibit notch sensitive behavior and
consequently their strength is reasonably well predicted by the stress concentration effect. This
hole size effect is manifested both in tension and in compression. Apparently some mechanism
must cause in-plane stress relief for laminates containing small holes. .

A mechanism to explain relief of the in-plane stress concentration in the vicinity of the hole for
laminates in compression was suggested by Mikulas (1980). This mechanism is a geometrically
nonlinear response that couples the high in-plane stresses with the out-of-plane rotations in the
vicinity of the hole. A geometrically nonlinear response is associated with reduced growth of the
in-plane stresses as the applied compressive load is increased since, in effect, the in-plane load is
directed out-of-plane. Out-of-plane rotations are larger in the vicinity of the hole because of a dif-
ferential expansion in the thickness of the laminate, or bulging, caused by Poisson’s effect.

Objective

The purpose of this research was to study the influence of geometric nonlinearity on the micro-
mechanical response of a filamentary composite material in the presence of a strain gradient
caused by a discontinuity such as a hole. A mathematical model was developed at the micro-
mechanical level to investigate this geometrically nonlinear effect.

Mathematical model

The mathematical model was developed for a solid rectangular parallelepiped, or block, of length
L, height H, and of a width that is large relative to dimensions L and H. For a cartesian coordi-
nates (x,y,z) with origin at the center of the block, - L/2 < x <L/2 and -H/2 < z < H/2. The block
is made from continuous fibers parallel to the x-axis that are identical and equally spaced. These
fibers are encapsulated by a matrix material. The block is subjected to uniform end shortening A/2
at x =+ L/2, traction-free conditions at z = £ H/2, and body forces are neglected. For a very wide
block with loads and material properties uniform in the y-direction, plane strain in the x-z plane is
valid. Let u, v, and w denote displacements in the x-, y-, and z- directions, respectively. Then,
plane strain implies u = u(x,z), v = 0, and w = w(x,z). Due to symmetry only a quarter of the x-z
plane is modeled as shown in Fig.1. To simulate an in-plane strain gradient, we prescribe the
u(x,0) subject to the conditions that u(x,0) is continuous for 0 <x < L/2, u(0,0) = 0, and u(L/2,0) =
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Fig. 1 Solution domain for a fiber reinforced solid block subjected to uniform end
shortening, traction free conditions on the remaining external surfaces, and sym-
metry boundary conditions along the coordinate axes.

~A/2. Within this class of functions, u(x,0) is prescribed such that the magnitude of the normal
strain &,(x,0) ( = 38; [u(x,0)])is alocal maximum at x = 0, and that this local maximum is

larger than the average shortening A/L. Prescribing u(x,0) in this manner is the method by which
an in-plane strain gradient is introduced into the uniform compressive strain field.

A global and local region are defined for the model as shown in Fig. 1. In the local region the
response of individual fiber-matrix units is determined by functional degrees of freedom for each
unit, such that the total number of degrees of freedom depends on the number of fiber-matrix
units. In the global region the response of individual fiber matrix units are determined by only a
few functional degrees of freedom defined over the entire global region, and these global degrees
of freedom are independent of the number of fiber-matrix units. The global region represents a
smeared model of the individual fiber-matrix units remote from the stress concentration at the ori-
gin. Details of the fiber matrix units are shown in Fig. 2.

By approximating the displacements in the thickness coordinate z, the dependence of the field
equations on the two coordinates x and z is reduced to a set of equations with one-dimensional
dependence in x. Details of the mathematical development are given in Appendix A. The resulting
equations are summarized in Egs. (73) to (77) in Appendix A. There are 8N+8 first order, nonlin-
ear, ordinary differential equations subject to 8N+8 boundary conditions, where N denotes the
number of fiber-matrix units in the local region. The numerical solution to this nonlinear two-
point boundary value problem was attempted by using the computer code called PASVART (Len-
tini and Pereyra, 1977). Persistent numerical ill-conditioning of the system matrices were encoun-
tered using this code, so that no acceptable solution could be found.
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Fig. 2 Configuration and nomenclature of the fiber-matrix units.
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Appendix A
Governing Equations

Kinematic assumptions

Local region (n =1, 2,..., N)

Let frand 1, denote the thickness of the fiber and thickness of the matrix in a typical fiber-matrix
unit. The total unit thickness ¢ = f¢ + f,,, and the volume fractions are V¢ = t#t and V,, = £,,/1. The

displacements in a typical fiber-matrix unit are assumed to be explicit functions of the thickness
coordinate z. It is convenient to use dimensionless thickness coordinates in the fiber and matrix.
For the matrix in the nth fiber-matrix unit, n =1, 2,..., N, let

C = (Z—ZZn—3)/tm zz,,_3SzSzz,,_2 OSCS1 n

and for the fiber let

—

@

N —

N =(2-2, )/t 2,.252525,_, —5<n<

where z,, | = (2,,,_2+23,,_1) /2. For the nth unit the displacements are assumed to be

Ui Ui ol
u(x,z) = uzn_3——92n_3+§ u2n_1+—92n_l—u2n_3+—92n_3 +0(1-Quypy O
2 2 2

u(x,z) = ug,,_l—ntfez,,_l 4
w(x,2) = Wy, 3+ 8wy, =Wy, 3] )
1 1

There are three functional degrees of freedom for the ath unit. The fiber displacements are u,,,.
1(x) and w,,_;(x), and the matrix displacement is u;,_»(x). Fiber rotation is

dw
2n-1 , . . . . .
0,1 = Ix = w',, _» Where a prime denotes ordinary derivative with respect to x. These

displacement assumptions given by Egs. (3-6) satisfy continuity between adjacent units. The
functional forms for the matrix, Egs. (3) and (5), are the fewest number of terms in a power series
in z (or {) which model thickness shearing deformation and thickness stretch. The assumption for

the fiber displacements in Eqgs. (4) and (6) are those of the Euler-Bernoulli beam theory.

For the first fiber-matrix unit (7 =1) symmetry reduces the displacement assumptions in matrix 0
fo
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4 1
u(x,z) u1+291+§(1 0 uy 2s§_1 -

w(x,z) =-w;+20w,

Global region (m = N+1, N+2,..., N = M)

The global region consists of M fiber-matrix units. The thickness of the global region is denoted
I so that hg = Mr. The middle of the global region is at z = z5 = zpp.; + h/2. We define a

dimensionless thickness coordinate £ in the global region by
1 1

& = (Z"ZG)/hG —§.<_ SE (8)

A separate displacement field is assumed for the global region that is explicit in the thickness
coordinate. Introducing the five functional degrees of freedom ug(x), Y, (x), O(x), wg(x), and

W,(x), the displacements in the global region are

u(x,z) =ug+ hG§Wx+ hcﬁ ) o

w(x,z) =wg+ hGT;\pZ

Displacement continuity with the top fiber at each x in the local region requires

t h K
G G
Uano1 =300y = UG5V, t 5 ® (10)
hg
Wian-1 =W~ 7Y, (11

Point matching the displacements at the top of a typical layer in the global region, using Eqgs. (4)
and (6) with n — m, to the global field in Eq. (9) gives

u —tle =us+hsE +lh2§2
2m-1 9 "2m-1" "G G 2m—1wx 27G2m -1

hg
Wim-1=We~ 75 V¥,

(12)

where §2m _1 = (23,,-1=2g) /hg. Equations (10-12) can be solved for the typical unit fiber
displacements in terms of the global displacements to get

t t
— f f
Upm—1 =gy -1 =5 (14285, )0y 1 +3(1+28, ) 0s+
ho he,
(1428, DY+ (48, ~DO

a3)
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Wom-1 = (1428, Dwg—28,, _ \Woy_, (14)
Oy = (1428, )65-28, 6,y (15)

dw
where 8, = P ¢ = w' ;. The axial displacement at the center of the matrix in the mth unit in the

global region, obtained from Eq. (3) by letting n — m and { = 1/2, is equated to the axial displace-
ment at the center of the mth unit from the global field Eq. (9). Doing this we get

1 I tfe 1 _ G
2 u2m-—1+§ezm—l+u2m—3_§ 2m-3 +Zu2m—2 - uG+T(§2m—l+E-'2m—3)Wx+

2

hg ”
—8— (&’2171—-1 +&2m—3) D (16)

Equation (16) is not a point matching condition between the mth fiber-matrix unit and the global
field since t,,/2 # #/2. Using Eqgs. (13-15) the final expression for the matrix axial displacement
Upm-2 18

1 I '
Zu2m-2 == 2 ((1+ 2§2m— 1) 9G —2§2m- 192N— 1:I - —8-(1) an
Equations (13-15) and (17) relate the fiber and matrix displacements for an individual unit in the

global region to the global degrees of freedom.

Strains

Local region (n = 1, 2,...,, N)

Assuming small strain and moderate rotations in the solution plane, the strain displacement rela-
tions are

o 10w’ _ow _du , dw
Sx—gj—c‘i'-i(gx-) Ez—a—z- "{xz—-a—z'i'—a'; (18)

Substituting the displacements in Egs. (3) and (5) into Eqgs. (18) we get the strains in the matrix of
the nth unit, n > 1, as explicit functions of {. Theses matrix strains in the nth unit are

€y = E2n2t (28-1D)g,y, _,+ (28 - 1)%,,_, (19)
822,,_2 = [w2n—1 —WZn—3] /tm (20
Vegy , = Ton-27 (28-1D Yy, @1

NAG-1-201 7



in which the generalized strain-displacement measures are defined as

_ [, I . I 1, 1 2
€m-2 = 5[“ 2n—1+592n—2+u2n—3_§e2n-—3j|+Zu2n—2+§ [0y, 1 %8, 51" @
Eann = %[”‘2;1—1+t§f9'2n-1"”'2n-3+%fe'zn-3] +}1[922'1—1‘922;1—3] @3)
€rpg = 111”'2;1-24‘%[92,: [ =0y, 51 24
Yon-2 = %;;%li+%;(92;1-1+92n-3) 25
Von-2 = "u2:m_2+%(92,,_1—92,,_3) (26)

The matrix strains for the first unit (n =1) are determined by substituting the displacements in Eqgs.
(7) into Egs. (18). These strains have the same distribution in { as shown in Eqgs. (19-21) for the
nth unit, but the generalized strain-displacement equations are different from those given in Egs.
(22-26). For the n =1 unit the generalized strain-displacement equations are

. c e 1
8 = wy+ 50, + Zug @
§,=0 &= —-i—u'0+%921 (28)
2w,

& = T 29)

- - Uy
=0 Yp=--—+6 (30)

m

The fiber strains are determined as explicit functions of 1} by substituting the displacements in
Egs. (4) and (6) into Egs. (18). For the nth unit the fiber strains are

Ex'zn—l - Ezn-l_nth%-l EZz,.-l =0 Yxl:n-l =0 @b

in which the generalized strain measures for the fiber are defined by

1

= _ 2 .Y
€ = Wono1T500, 1 Ky = 9 (32)

2n—-1
Strains for the global region (m = N+1, N+2,..., N+M)

The distribution of the strains through the thickness of the mth unit in the global region is assumed

NAG-1-201 8



to be given by the same expressions for the typical unit in the local region. That is, for the matrix
in the mth unit of the global region the strain distributions are given by Egs. (19-21) with n — m.
For the fiber in the mth unit of the global region the strain distributions are given by Egs. (31) with
n — m. The generalized strain measures in the matrix of the mth unit in the global region are then
given by Egs. (22-26) with n — m, and the generalized strains for the fiber in the mth unit are
given by Egs. (32) with n — m. Substituting Egs. (13), (14), (15), and (17) into these generalized
strain measures for the mth unit, we get the generalized strain measures as functions of the vari-
ables u'yy_ 1 O'ZN_ 0 G'G, \y'x, D', wyn_ 1, and wg. Written in matrix form, the generalized

strain measures in the mth unit of the global region are

82m—2 ~ -
~— u' _
82111—-2 9'2N L
8 2N-1
2m=2 9" 62
Vam—2 Gl 1 ¢
m- —_ m [ — m
=2l = (el |+ o] [20,my-. &
Y2m—2 P 92
€ AN-1
14}
_fm2 Wan-1
82m—1 WG
“2m-1

where the 8 x 7 array of elements CZ? and the 8 x 3 array of elements Bgf for the mth unit in the
global region are listed in Appendix B.

Equilibrium equations

The equilibrium equations are obtained from the principle of virtual displacements, or virtual
work. The external virtual work is zero for the boundary conditions shown in Fig. 1. Thus, equi-
librium equations are determined from vanishing of the internal virtual work per unit width (y-
direction); i.e., W,,, = O for every admissible variation of the displacement field, which is given

by Egs. (3-6). Let 6, 5, and T, denote the stress components for the solution plane. Then

L
2 H

6Wim’ = _”(;z (Gx6€x+czsgz+1xzsyxz) dzdx = 0 (34)
0

The integral through the thickness is written as a sum of integrals over the individual fiber-matrix
units. Then the virtual strains, or variation of the strains, are expressed as explicit functions of the
thickness coordinate using Eqs. (19-21) for the matrix and Eqgs. (31) for the fiber. After integrating
through the thickness of a typical unit the virtual work functional becomes

NAG-1-201



N+M
int

(2]

<

i
O I

i=1

where we defined the matrix stress resultants

i
(5,5,8],_,= | [L @4-1), 24=D%lo, _db

1
c, = J- Gzz.'—zdz;

Z
%sn

1
(%3 5.,= | [, (24=-DI]t,, dl

and the fiber stress resultants

[N M)y, =

1
58“
_ 11 i =1
511 - (0 i>1 J
1/2
j [1,1mlo, 1 dn
-1/2

{1, [GOE + GBE + 58 + T6Y+ 13y + G B¢ ] ji_p [NOE+ Mdx],; |} dx

(35)

(36)

(37

The variation of the generalized strain-displacement relations, which are obtained from the varia-
tion of Egs. (22-30) for the matrix and Egs. (32) for the fiber, are substituted into Eq. (35). Inte-

grations by parts with respect to the coordinate x are performed. Vanishing of the functional leads
to the following equilibrium equations.

gz”‘%@n_l =0 n=23.,N (38)

gz"“ -%, _,=0 n=12..N-1 (39)
_gz"‘l =0, =0  n=12.,N-1 40)
Z_]jw'l_fw_z_;mmii;; (ChiTy, 2+ CoiTomag) =0 (41)
10
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N+M
MGN—I

I T%.,T ’mm =§+ lcgsczzm_z =0 (42)
gf?c — mmi%t 1 (CisTam-2+ CssTam_2) =0 (43)
ch ) tm,,:iz\: . (CaaTom—r* CsaTap-2) =0 (44)

_gG + tmmii;i lCZ%ozzm_z =0 (5)

The additional stress resultants appearing in Egs. (38-45) are defined by

1 — -~
Sop_n = Ztm(c—o')zn_z n=12,..,N (46)
_ to_ .
Nopo1 = Nop_1 5 [(§+0),,_,+ (T+8),,] n=12.,N-1 Co))
— 1 _ - -
My, = M2n—l+Ztmtf[(c+o)2n—2+ (-6+0),,] n=12..,N-1 (48)
M- N, _.0 S 0 0 S, (8 0
~Ix + [N2no10gy 1 = San-2 (8 1 =902, 3) + 524 (05,4, =8, D1+
Vﬁ—l= ¢ t
— — m - ~
5(‘czn_z+12n) +?(1:2n_2—1:2n) n=12..,N-1
(49)
_ to_ .
NzN-1=N2N-1+7(°+°)2N-2+
N+M (50)
m - m =~ M A
2 [CTiNyp o+ 1 (C118y, 3+ €310 2+ C3185, _5) ]
m=N+1
— 1 — -
Mon_1=Myy_ | +Ztmtf(c+c) w-271
N+M 5D
7 — m -~ N
Y, [CeyuMy, + CoaNapm 1+ 1, (C1385, 3+ C3300p 2+ C5385,_5) ]
m=N+1

NAG-1-201 11



dMay_1 = 8

T dx +Noy- 18,y 1= San-1(Ogy_ 1= Oyy_3) +;l756921v-1‘
G
Vano1 = 2 g ; ¢ N+M
- m=~ m — m=
G hG m=N+1
(52)
N+M
m m — mn =~ Il A~
Sg= Y, CisNyp_ 1 +1,(C156,, 2+ Cy50,, 2+ C350,, ) (53)
m=N+1
N+M
11 m — I~ m a
NG = 2 C74N2m— 1 + tm (C1402m-2+ C2402m—2 + C3402m—2) (54)
m=N+1
N+M
mn m m — m =~ m A
Mg = Z CesMopm 1+ CaNgp 1 + 1, (C138,, o+ €305, 2+ C330,,_3) (9
m=N+1
M N+M
G 2 2 8 m = m =~
Ve =7 + =N+ (h_NG""_zSG)(ec'ezN-x) D (CaTyp_y+ Ci3Tyy )
G G hG m=N+1
(56)

The boundary conditions consistent with virtual work and for the particular problem shown in
Fig. 1 are

Uy, 2 =0 atx = 0,L/2 n=23..,N &7))
Up,-1(0) =0 Uy, 1 (L/72) = -A/2 n=12..,N (58)
0,,_,=0 atx = 0,L/2 n=12.,N (59
Vou_1 =0 atx = 0,L/2 n=12,..,N (60)
O=y =0;=V;=0 at x = 0,L/2 (61)

At z = 0 the axial displacement u(x,0) is prescribed subject to u(0,0) = 0 and u(L2, 0) = - A2.
Denote the function U(x) as this prescribed displacement function. From the first of Egs. (7) with
{ = 1/2, the prescribed displacement relates uy, 61, and ug of the first fiber-matrix unit by

U(x) =y (x) +18, (1) + 3 (2) 6

Equation (62) is used to express the matrix displacement function ug in terms of the prescribed
function and the displacement and rotation of the first fiber. For u1 and 6, satisfying Eqs. (58) and
(59), U properly prescribed, matrix displacement ug will vanish at x = 0, L/2.

NAG-1-201 12



Hooke’s law

For plane strain of an isotropic material, Hooke’s law for the matrix is

Gx = Km [8x+vmez] GZ = Km [8z+1—;mez] 'sz = Gmez (63)
in which
E (1-v ) v E
Kn = T3 (12 U =Ty Om T aTroly (69
(1+v,) (1-2v,) l-v (1+v,)

and E, and v, are Young’s modulus and Poisson’s ratio, respectively, for the matrix.
For the Euler-Bernoulli kinematics of the fiber, Hooke’s law is

c,=Ee,  where E;= VE+V,E, (65)
and E¢is Young’s modulus for the fiber, V¢ is the fiber volume fraction, and V, is the matrix vol-

ume fraction (V¢ + V, = 1). The modulus I—ff represents the composite modulus of a fiber-matrix
sheet parallel to the x-y plane of thickness #.

Hooke’s law in terms of the stress resultants and generalized strains is obtained as follows. The
strain distributions given by Eqs. (19-21) for the matrix are substituted into Eqgs. (63), and these
results are in turn substituted into the stress resultant definitions for the matrix, Eqgs. (36), to get

_ 1 _ 1., = .
0-21'—2 = (1—isil)Km[e+§e+DmEz]2i-2 i21 (66)
- 1 - 1,
Gy = ZK’" [80*' 7€t \)mezo]
) 1 (67
Gi-2 = 3Ku€ois i>1
A 1 -, 1, 1~ .
Syi_a (1—EZSI.I)KMBH§s+§umeZL_2 i21 (68)
i =167
0~ 4 "mi0 (69)
T2 = Gty 121
T 1-18.)1G % > 1
T2 = (1-50)30nai0 12 (70
4] = (1-—15 YK _|e +0 (é’+lé) i1 (n
- 27T Tm e m T 3 i -

L2i-2

The strains given by Egs. (31) for the fiber are substituted into Hooke’s law given by Eq. (65), and

NAG-1-201 13



these results in turn are substituted into the resultant definitions in Eqgs. (37) to get

= - 153 .
Nyioy = Egy oy Mooy = Eddpky o 121 2

The task remaining is to substitute the generalized strain-displacement relations for the local
region (Eqs. (22-30) and (32)) and the global region (Egs. (33)) into Egs. (66-72). These results
are then substituted into the stress resultant definitions in Eqs. (46-56), and into the non-differen-
tial terms in equilibrium Egs. (38-45). Although the results of these manipulations are not pre-
sented here, the form of the stress resultant-displacement relations are presented in the following
section.

Summary of mathematical model

Let the (4N+4) x 1 generalized displacement vector be defined as

T
g(x) = |:”0 Uy O, Wiy U8, wa gy Uy 0,1 Woan—1 @V, 8 wG] (73)

and the (4N+1) x 1 generalized force vector as

T
B() = [So Ny 7, V, $, N3 My Vs oo Sy y Naw—t Moy Va1 Sg No Mg Ve @9

The mathematical model can be posed as a system of 8N + 8 nonlinear, first order, ordinary differ-
ential equations in the generalized force and displacement vectors subject to boundary conditions
atx =0and x = L2,

Equilibrium equations: There are 3N+2 equilibrium equations given by Egs. (38-45). After
using Hooke’s law and the generalized strain-displacement relations, these equilibrium equations
are of the form

dQ 2 d9] _
AZE 4y [q, E} =0 (75)

in which A is a (3N+2) x (4N+4) matrix containing ones and zeros, and F 1 is a (3N+2) x 1 vector
functional of the generalized displacements and their derivatives.
Generalized force-displacement equations: The generalized force definitions given by the

4N+4 Eqs. (46-56) can be written in terms of the generalized displacements and their derivatives
by using Hookes’ law and the generalized strain-displacement relations to eliminate

G,5,0,7%,1, G, N, and M. The result is 4N+4 equations of the type

d0 A _ = [ dg
o0 - 1o ]

in which D is a (4N+4) x (4N-+4) matrix of constants, and F » is a (4N+4) x 1 vector functional of

NAG-1-201 14



N

the displacements and their derivatives. The non-zero rows of matrix D result from the definitions
of Van.1 (49), Von.1 (52), and Vi (56).

Kinematic definitions: The rotations are related to the displacements by the equations

AWy -1 dwg s : : .
— =0, ,,and — = 0. These definitions result in N+1 linear equations of the form
dx n i dx G

- da — >

J = T g an

in which J and 7 are (N+1) x (4N+4) matrices containing ones and zeros.

Prescribed displacement condition: The axial displacement U(x) is prescribed in Eq.(62) and
this relates displacements in the first fiber-matrix unit. This single equation completes the set of
8N+8 equations for as many unknowns.

Boundary conditions: There 8N+8 boundary conditions given in Egs. (57-61) for the 8N+8 sys-
tem of first order differential equations.

Appendix B
Matrix elements in Eq. (33)

The superscript m is dropped for array elements Cgf and B:.’; in the following formulas for conve-

nience in writing, but it is implied.

C“ =1 C12 = _tf/z C14 = (hG/2) (1+§2m~1+E’2m—3)

2 2 (B-1)
2,¢2 2 (B-2)
C25 = (h(;/z) (&2,,,_1_'&2,,,_1) C21 = C26 = C'27 =0
2
C31=C3y=Cy=C5=0
Can= (=111 = Com-s) T 1 8m_3) 1) /1y
Caz= 11,80, =8y +1 (1485, +8,_91/1,
(B-4)

Cag =/t Cys = (hg(&g,_ =85p_3))/ (21,)
Cy=Cy=Cyy=0
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t t

N 5 i
C52 - _4t—§2m_1_§2m—]+§2m—3 C53 - 2t (1+2§2m—1) +§2m—1_§2m—3
n m (B-5)

Css = £7/(21,,) Csp=Csy =Cs6=C57=0

(§2m—l - F’Zm-3)
t

m

—Ces = Co7 =2 Co1 = Co = C3 = Coa = Ces =0 (B-6)

t !
Cyy =1 Cyy ‘%(1‘*2{32»:—1) Cpy = if(l+2§2m—-l)

®-7)
Cpy = (hg/2) (1428, ) Cys = (hp/8) (485 | =1)  Ci=Cpr =0

Cgp = -28,,. 4 Cgs = 1+28, _, Cgp = Cgq = Cgs = Cgg = Cg7 =0 (B-9)

By = (1 +&2m—1+§2m—3)2 By, =-(1+48,, _1+8,_3) Gyp 1 +55n-3)

) (B-9)
Biy= (&, 1 +&om-3)
By =28y, =8 ) (148, _1+5,, _3)
2 2 (B-10)
B,, = —(§2m—1_§2m—3) (1+2§2m—1+2&2m—3) BZ3 = 2(§2m—l'_(t’2m—3)
2
By = —Byy = By = (§2m—1—&2m—3) ®-1D
Bil = Bi2 = Bi3 = O l = 4, 5, 6, 8 (B-12)

2
By = (1+28, ) B, =-28, (1+28, )  Bpy=48 | @13
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